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This i s  a t e c h n i c a l  r e p o r t  prepared by t h e  Advanced S tud ie s  
Group, Electrical Engineering Department, Auburn Un ive r s i ty ,  toward 
f u l f i l l m e n t  of  Contract  NAS8-20004 granted t o  Auburn Research 
Foundation, Auburn, Alabama. 
January 19 ,  1965, and was extended t o  January 18, 1966. It was 
f u r t h e r  extended t o  A p r i l  18, 1966, and t h e r e a f t e r  t o  December 18, 
1966. 
This c o n t r a c t  was o r i g i n a l l y  awarded 
v i  i 
SUMMARY 
The p r i n c i p l e s  of operation of t h e  gyroscope and the  i d e a l z i n g l e  
- Axis - Platform (SAP) are reviewed i n  Chapter I. I n  Chapter 11 the 
equa t ions  of motion of a n  i d e a l  SAP are de r ived  and a s i g n a l  flow 
graph and a block diagram are constructed from the  equat ions of motion. 
“he equat ions of motion of a n  i d e a l  SAP, when the t o r s i o n a l  s t i f f n e s s  
of t h e  gas bear ing between the  f l o a t  and gimbal i s  cons ide red ,  
are presented i n  Chapter 111, and a s i g n a l  flow graph and a block 
diagram are cons t ruc t ed  from these equat ions of motion. A d i scuss ion  
o f  t he  s t a b i l i t y  of t he  ideal  SAP wi th  f i n i t e  and i n f i n i t e  t o r s i o n a l  
s t i f f n e s s  of t he  gas bear ing is presented i n  Chapter I V .  The 
a n a l y s i s  of a n  i d e a l  SAP f o r  various inpu t s  are presented i n  Chapter V. 
Chapter V I  i s  the conclusion of t h i s  s tudy.  
v i i i  
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I. INTRODUCTION [ 1 , 2 , 3 ]  
A. De f in i t i on  and Behavior of a Gyroscope 
A gyroscope may be broadly def ined a s  a body r o t a t i n g  a t  a high 
angular  v e l o c i t y  about an a x i s  which i s  c a l l e d  i t s  s p i n  ax i s .  The 
usua l  form of  a gyroscope i s  a mechanical device of which t h e  e s s e n t i a l  
p a r t  i s  a heavy flywheel mounted such t h a t ,  while  spinning a t  high 
speed, i t s  a x i s  of r o t a t i o n  can t u r n  i n  any d i r e c t i o n  about a f ixed  
po in t  on t h e  a x i s  of r o t a t i o n .  The flywheel,  mounted so a s  t o  t u r n  
about i t s  c e n t e r  of g r a v i t y  by means of double gimbals, is  shown i n  
Figure 1. This arrangement i s  c a l l e d  a Cardan suspension. 
For t h e  sake of explanation, t h e  spinning flywheel may be repre-  
sen ted  a s  shown i n  Figure 2. This spinning flywheel has  t h e  proper ty  
of r e s i s t i n g  any e f f o r t  t o  change the  d i r e c t i o n  of i t s  sp in  ax i s .  For 
example, i f  t he  s p i n  a x i s  is along t h e  X-axis a s  shown and a s teady 
force-couple o r  torque i s  applied about t h e  Y-axis, perpendicular  t o  
t h e  s p i n  a x i s ,  t he  spinning flywheel w i l l  no t  r o t a t e  around t h e  Y-axis 
a s  would be expected, bu t  w i l l  r o t a t e  around t h e  Z-axis. This r o t a t i o n  
o f  t h e  s p i n  a x i s  about t h e  Z-axis is c a l l e d  "precession," and i s  a 
consequence of t h e  fundamental r e l a t i o n  
* - dH - - = L  . 
d t  
~ ~~~ 
* 
Where a bar 11-" i nd ica t e s  a vec tor .  
1 
2 
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Fig. 2--Precession of a spinning flywheel. 
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Equation (1-1) shows t h a t  t he  applied torque i s  equal  t o  the  r a t e  of 
change i n  angular  momentum of t h e  spinning flywheel. 
To i l l u s t r a t e  precession assume t h a t  a cons tan t  torque i s  appl ied  
t o  t h e  spinning flywheel shown i n  Figure 2 f o r  a n  incremental  t i m e  
- 
i n t e r v a l  At. 
E, w i l l  be 
According t o  Equation (I-1), t h e  incremental  change i n  H, 
- -  
M = L A t ,  
- 
where t h e  d i r e c t i o n  of Lw i s  along t h e  torque  v e c t o r  ?. I f  t h e  torque 
- 
v e c t o r  L i s  perpendicular  t o  the s p i n  axis of t he  body, t he  if vec to r  
w i l l  add wi th  a s  shown i n  Figure 3 t o  g ive  t h e  r e s u l t i n g  angular  
momentum of the  f lywhee 1. 
Fig.  3--Vector i l l u s t r a t i o n  of precess ion .  
- 
Therefore ,  i n  e f f e c t ,  t he  H vector  has r o t a t e d  about an a x i s  perpendicular  
t o  both the  torque vec tor  and the s p i n  a x i s  an amount A@. If H i s  l a r g e  
wi th  r e spec t  t o  @H, the  incremental  angle  @@ i s  given by H& @H. Since 
CYI = L A t ,  U E  A@/& M L/H, where o i s  the  magnitude of t he  precess ion  
- -  
1 
I 
I 
R 
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1 
I 
1 
1 
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1 
I 
E 
I 
1 
I 
5 
r a t e  vec to r .  The precession r a t e  vec tor  i s  d i r ec t ed  perpendicular  t o  
the  plane conta in ing  L and E, and i n  the  d i r e c t i o n  t h a t  a r i g h t  handed 
screw would move i f  ro t a t ed  from H t o  z. 
always tend t o  a l i g n  i t s e l f  w i t h  t he  appl ied torque (y vec to r ) .  
- 
- - 
The sp in  axis (H vec to r )  w i l l  
B. De f in i t i on  and Operation of an I d e a l  
Single Axis Platform 
The S ing le  Axis P la t fo rm (SAP) i s  a device t h a t  measures angular  - 
r o t a t i o n  of i t s  ou te r  case  about a s i n g l e  r e fe rence  axis through 
t h e  c e n t e r  of t h e  device. The SAP i s  sometimes c a l l e d  a S i n g l e  &is 
- Reference ( S A R ) ,  a name more desc r ip t ive  of i t s  a c t u a l  performance. 
The SAP maintains  i t s  re ference  a x i s  along one of t he  axes of  i t s  case  
by us ing  a f l o a t e d  gimballed gyroscope i n  conjunct ion wi th  a c losed-  
loop feedback c o n t r o l  system. The r e fe rence  a x i s  of t h e  SAP w i l l  
r o t a t e  w i th  t h e  case  f o r  a l l  angular ra te  vec to r  components perpendic- 
u l a r  t o  the  r e fe rence  a x i s .  The angular  displacement of t h e  case 
about  t he  r e fe rence  a x i s  i s  the  i n t e g r a l  of t h e  r a t e  v e c t o r  component 
a long t h e  r e fe rence  a x i s .  The output  of t he  SAP i s  obta ined  from an  
encoder t h a t  measures the  angular r o t a t i o n  o f  t h e  case  about t h e  
r e f e r e n c e  a x i s ,  and c o n s i s t s  of an  e l e c t r i c a l  pu lse  every time the  
ang le  changes by CrD a r c  seconds. 
w i t h  the  c o r r e c t  s ign ,  and mul t ip l ied  by LM t o  g ive  the  t o t a l  angular  
r o t a t i o n ,  o r  they  may be summed over  a time i n t e r v a l  A t  and t h i s  sum 
used t o  c a l c u l a t e  t he  angular  r a t e  o f  t h e  case  about i t s  r e fe rence  
These output  pu l se s  may be summed, 
6 
a x i s .  This angular  r a t e  i s  t h e  magnitude o f  t h e  component along t h e  
r e fe rence  a x i s  of  t h e  t o t a l  angular r a t e  vector of t h e  case of t h e  
SAP. If t h r e e  S A P ' s  a r e  mounted on a v e h i c l e  so t h a t  t h e i r  r e fe rence  
axes a r e  non-planar, t he  t h r e e  components of  t he  angular r a t e  v e c t o r  
a long t h e  t h r e e  r e fe rence  axes of t he  SAP's  can be used t o  c a l c u l a t e  
t h e  angular  r a t e  v e c t o r  o f  t h e  vehicle.  
The SAP's  cons t ruc t ion  i s  shown i n  Figure 4 ,  and i s  centered 
around t h e  gyro wheel, o r  r o t o r .  The gyro wheel, due t o  i t s  
almost constant ,  high angular  momentum, e s t a b l i s h e s  t h e  gyroscopic 
e f f e c t .  The gyro wheel i s  bearing mounted t o ,  and i s  sealed inside 
o f ,  t h e  inne r  c y l i n d e r  of the SAP. The inne r  cy l inde r  of t h e  SAP 
i s  suspended i n  an almost f r i c t i o n l e s s  gas bearing i n s i d e  t h e  
o u t e r  cyl inder* of  t h e  SAP. 
nion bear ings t o  t h e  case,  and is f r e e  t o  t u r n  about t he  inpu t  r e f e r -  
ence a x i s  IA (see F i g u r e 4 ) .  A n u l l  p o s i t i o n  pickoff  device i s  mounted 
t o  t h e  o u t e r  cy l inde r  and i s  posit ioned so t h a t  i t  i s  s e n s i t i v e  t o  
angular  displacements of the inner cy l inde r  w i th  r e s p e c t  t o  a predeter-  
mined n u l l  p o s i t i o n  between t h e  inne r  and o u t e r  cy l inde r s .  
motor ( to rque r )  i s  mounted i n  the case and can torque th2  o u t e r  
c y l i n d e r  about LA, producing a torque v e c t o r  along I A .  
along IA i s  an encoder, a device t h a t  measures the  r e l a t i v e  angular  
displacement between the  case  and t he  o u t e r  cy l inde r .  
The o u t e r  cy l inde r  i s  mounted by trun- 
A torque 
A l s o  mounted 
To understand t h e  operat ion o f  an i d e a l  SAP, consider  i t s  r e a c t i o n  
t o  angular  motion of t he  housing about t h e  t h r e e  axes,  IA,  OA, and 
"The inner  cy l inde r  and outer cy l inde r  a r e  r e f e r r e d  t o  as the  f l o a t  
and gimbal r e s p e c t i v e l y .  
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SA. In this discussion it is assumed that the case of the SAP is 
mounted to a heavier body whose motion will not be affected by the 
output of the torque motor of the SAP. 
If there is an angular motion of the case about I A ,  the outer 
cylinder will remain fixed with respect to the spin axis and the case will 
move Ereely about the outer cylinder. If, due to friction or drag 
the outer cylinder is torqued by the movement of the case, then the 
gyro wheel and the inner cylinder will precess about OA. This pre- 
cession will be sensed by the null position pickoff mounted at the 
end of the inner cylinder. 
proportional to the angle sensed. This signal is fed to a servosystem 
whose output unit is the torquer mounted between the case and the 
cylinder. The torquer produces a torque on the outer cylinder about 
IA which will exactly oppose the original torque resulting from fric- 
The pickoff produces an electrical signal 
tion, thus compensating for friction. The movement of the case with 
respect to the outer cylinder will be sensed by the encoder, and the 
encoder will give an output signal. 
If there is an angular motion of the case about OA, the outer 
cylinder will move with the case, while the inner cylinder will remain 
fixed. The angular displacement of the outer cylinder will be sensed 
by the null position pickoff, and an electrical signal will be generated. 
This signal is amplified and fed to the torquer which produces a torque 
on the outer cylinder about I A .  
the inner cylinder to precess about OA, following the angular motion 
of the case. The alignment of the inner and outer cylinders with respect 
to the case will remain the same, and the encoder will not give an out- 
put. 
This torque causes the gyro wheel and 
1 
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I f  t h e r e  i s  an angular motion of t h e  case  about SA, both the  
o u t e r  cy l inde r  and t h e  inner  cylinder w i l l  move wi th  t h e  case.  The 
alignments of t he  inner  cyl inder ,  t he  o u t e r  cy l inde r ,  and t h e  case 
w i t h  r e spec t  t o  each o the r  w i l l  remain t h e  same, and t h e  encoder w i l l  
not g ive  an output .  
T r a n s l a t i o n a l  motion o r  acce le ra t ion  w i l l  no t  a f f e c t  t h e  output  
of  t h e  SAP, s i n c e  i t  i s  designed w i t h  t h e  cen te r  of mass of t h e  gyro 
wheel, and the  c e n t e r  of mass of t h e  inne r  and o u t e r  cy l inde r s ,  located 
a t  t h e  i n t e r s e c t i o n  of IA, OA, and SA. 
wheel and o u t e r  cy l inde r  due t o  t r a n s l a t i o n a l  a c c e l e r a t i o n  w i l l  always 
produce zero torque, and therefore  w i l l  not cause an angular motion 
of any p a r t  of t h e  SAP. 
The f o r c e s  a c t i n g  on t h e  gyro 
The only motion of t h e  SAP t h a t  w i l l  produce an output  from t h e  
encoder i s  angular  motion about I A .  
be used t o  c a l c u l a t e  t he  angular r a t e  of the v e h i c l e  about t h e  r e fe rence  
a x i s  I A  of the  SAP. Three SAP'S mounted w i t h  t h e i r  r e fe rence  axes 
a l igned  with the  r e spec t ive  three axes of  t h e  v e h i c l e ' s  r ec t angu la r  
coord ina te  system would give the t h r e e  components of t h e  angular r a t e  
v e c t o r  of t h e  v e h i c l e  i n  the vehicle  coordinate  system. 
Thus t h e  output  o f  t he  SAP can 
11. DERIVATION OF THE EQUATIONS OF MOTION 
OF AN IDEAL SAP [ 1 , 2 . 4 , 5 ]  
A .  In t roduc t ion  
A mathematical model of the i d e a l  SAP w i l l  be developed i n  t h i s  
chap te r .  The inpu t  t o  t h i s  mathematical model w i l l  be t h e  angular  
v e l o c i t y  of the case of t he  SAP, and t h e  output w i l l  be an angle 
t h a t  i s  the i n t e g r a l  of t he  input angular v e l o c i t y  component along the  
r e fe rence  axis of t h e  SAP. A func t iona l  sketch of an i d e a l  SAP i s  
shown i n  Fig.  5 ,  where the  output angle  has been designated as % .  
The angle  i n  Fig.  5 i s  t h e  angle between the  s p i n  a x i s  of the gyro 
wheel and a l i n e  perpendicular t o  t h e  plane of t he  gimbal. Also 
shown i n  t h i s  ske tch  are th ree  sets of r ec t angu la r  coordinate  axes 
f i x e d  i n  the  bodies of the f l o a t ,  gimbal, and case of t he  SAP. These 
t h r e e  coord ina te  systems are randomly placed on the t h r e e  bodies f o r  
ease of f i g u r e  congest ion,  but a c t u a l l y  they should be considered a s  
(and w i l l  be used as) t h r e e  coordinate systems with a common o r i g i n  
loca t ed  a t  the i n t e r s e c t i o n  of t he  r e fe rence  axis ,  t h e  s p i n  axis,  and 
t h e  axis o f  r o t a t i o n  of t he  f l o a t  w i th  r e s p e c t  t o  t h e  gimbal. These 
coord ina te  systems w i l l  be designated by t h e  s u b s c r i p t s  f ,  g ,  and c 
f o r  t he  f l o a t ,  gimbal, and case coord ina te  systems r e s p e c t i v e l y ;  i . e . ,  
a v e c t o r  7 w r i t t e n  i n  the  f l o a t  coordinate  system w i l l  be F , bu t  
f 
i n  t he  gimbal coordinate  system the vec to r  w i l l  be F . 
t h r e e  coord ina te  systems w i l l  a l i g n  wi th  one another  when 61 = O2 = 0. 
Note t h a t  t he  
g 
10 
11 
amplification and 
compensation network 
3 
1 
Fig. 5 --Functional sketch of an ideal S A P .  
1 2  
A v e c t o r  w r i t t e n  i n  t h e  f l o a t  coordinate  system can be transformed 
t o  the  gimbal coordinate  system by 3 = CgfFf, where 
g 
cos6 - s ine2  
c g f = r s i n 6 ;  0 
0 1 1. (11- 1) 
- 
Note t h a t  when 8 = 0, Cgf is  the i d e n t i t y  matrix and ? = Ff, which 
means t h a t  t he  gimbal and f l o a t  coordinate  systems are a l igned .  
2 g 
A vec to r  w r i t t e n  i n  the case coordinate system can be transformed t o  
t h e  gimbal coordinate  system by? 
- 
= CgcFc, where g 
(11- 2) 
The equat ions governing t h e  ope ra t ion  of a n  i d e a l  SAP f a l l  i n t o  
two d i s t i n c t  c l a s s e s :  (1) The equat ions of motion of t h e  f l o a t e d  
gimballed gyroscope, and (2) the equat ions of t he  feedback loop,  
which include the compensation network, t he  a m p l i f i e r ,  and t h e  torquer .  
The l a t t e r  d i v i s i o n ,  showing the  necessary inpu t s  and ou tpu t s  of  t h e  
two s e c t i o n s ,  i s  shown i n  F ig .  6 ,  where wc i s  the angular  rate 
v e c t o r  of t he  case of t he  SAP. The output  of t he  torquer  i s  a torque,  
- 
L 
t h e  r e fe rence  a x i s  of t he  SAP. This torque vec to r  i s  always a l igned  
, t h a t  i s  app l i ed  t o  the gimbal of t h e  SAP, and hence a v e c t o r  along 
Yg 
w i t h  t he  y-axis of t he  gimbal; hence,  t he  n o t a t i o n  L 
Yg' 
The equat ions of t h e  f loa t ed  gimballed gyroscope must be obtained 
- 
s o  t h a t  they w i l l  y i e l d  the  a n g l e s  81  and e2  f o r  t he  inpu t s  wc and $g. 
The equat ions of t he  feedback loop must be obtained so  t h a t  they w i l l  
c 
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y i e l d  the torque %g f o r  a n  input ang le  e2. 
feedback loop are assumed t o  be l i n e a r ,  thus pe rmi t t i ng  the r e l a t i o n  
between L This 
t r a n s f e r  func t ion  was obtained from t h e  Marshall  Space F l i g h t  Center,  
The equat ions of  t h e  
(S) and e2(S)  t o  be w r i t t e n  as a t r a n s f e r  funct ion.  
Yg 
Hun t sv i l l e ,  Alabama, and is wr i t t en  
L (SI (St10O+j200) (S+lOO- j200) (s+50) 
@2(S) (Stl)(S+6OOO)(S+l5OO+jlOOO)(S+l5OO-jlOOO) 
Yg = K2H(S) = K2 Y 
(11- 3) 
where K i s  the  feedback gain.  Since t h i s  func t ion  i s  t h e  t r a n s f e r  
func t ion  of t h e  feedback loop, it i s  c a l l e d  ( i n  keeping with s tandard 
2 
n o t a t i o n )  K2H(S). 
The law of r o t a t i o n a l  motion, upon which t h e  equat ions of t h i s  
s e c t i o n  are based, i s  
- - dH 
d t  
L = - ,  (11- 4 )  
- 
where L i s  t h e  e x t e r n a l l y  applied torque t o  t h e  r i g i d  body, and dE/dt 
i s  t h e  t i m e  rate of change of t h e  angu la r  momentum v e c t o r  ?i of t h e  
body. The angular  momentum vector of a r i g i d  body can be w r i t t e n  i n  
terms of  t he  t enso r  o f  i n e r t i a :  
(11- 5) 
15 
where the  1's r ep resen t  the moments and products of  i n e r t i a ,  and 
i s  the angular v e l o c i t y  of the body. I f  the coordinate  axes are 
chosen f i x e d  i n  the body so that  they coincide with the  p r i n c i p a l  axes 
of t he  body, t h e  products  of  iner t ia  are ze ro  and the  moments of 
i n e r t i a  are cons t an t s .  Under these cond i t ions ,  which w i l l  hold f o r  
t h e  set of coordinate  axes used i n  de r iv ing  the  equat ions of motion 
of  t h e  gimballed f l o a t e d  gyroscope, (11-5) can be w r i t t e n  
o r  
I Z Z  wz 
= 1 Iyywy (11- 6 )  
(11- 7) 
- 
where i, 7 and k are u n i t  vectors  
a x e s ,  r e s p e c t i v e l y .  The t i m e  derivative of the vec to r  i s  
along the  x, y ,  and z body f ixed  
(11- 8) 
where the  dot denotes time de r iva t ive .  It can be shown t h a t  (11-8) 
i s  equa l  t o  
16 
- 
dH - - = L =  
dt 
IXX Ox + CD ul (Izz - Iyy) 
YY "y + %z (I 
I, wz + (Iyy - In) 
Y Z  
I 
- I,) xx D 
or 
- 
X - - - -  dH 
- = L = H + w x H ,  
dt 
(11- 9) 
(TI- 10) 
- -  x - -  
where E = i H + 7 H + k H and o) x H is t h e  cross product. 
X Y 2 
Equation (11-9) can be written as the following three separate 
ncalar equations: 
(11-11) 
where L 
torque along the x, y, and z axes of the body fixed coordinate 
system, respectively. The three scalar equations in (11-11) are 
Euler's equations referred to the principal axes of the body. 
4 and Lz are the components of the externally applied 
X' 
17 
B. Derivat ion of t h e  F l o a t  Torque Equation 
The angular  momentum vector of t h e  gyro wheel, w r i t t e n  i n  t h e  
f l o a t  coordinate  system, i s  
(11- 12) 
where I 
wheel about t h e  f l o a t  coordinate axis, (os i s  t h e  assumed constant  
angu la r  v e l o c i t y  of t h e  wheel measured with r e s p e c t  t o  t h e  f l o a t ,  and 
cu xf, uyf and cozf are t h e  components of t he  angular  v e l o c i t y  of t h e  
f l o a t  w r i t t e n  i n  t h e  f l o a t  coordinate system. 
and Izzw are  the moments of i n e r t i a  of t h e  gyro 
XXW, IYYW 
The angular  momentum vector of t h e  f l o a t ,  not  including t h e  
gyro wheel, w r i t t e n  i n  the  f l o a t  coordinate  system i s  
- - 
Hff - (11- 13) 
where I and I are  the moments of i n e r t i a  of t h e  f l o a t  
about  t h e  f l o a t  coordinate  axes, and (o 
of t h e  angular  v e l o c i t y  of t h e  f l o a t  w r i t t e n  i n  t h e  f l o a t  coordinate  
xx f ,  I Y Y f  zzf  
and LU are t h e  components 
xf,  Oyf zf  
s ys t em. 
The angular  momentum vector of t h e  f loat-wheel combination, 
w r i t t e n  i n  t h e  f l o a t  coordinate  system, i s  
18 
IXfOXf + Hw - H = H  - + E  = [ ,"',"' ] Y 
(fw)f f f  wf 
z f  zf 
(11- 14) 
where 
+ I  
I = I  + I  
I = I  
Ixf  = I- xxf 
Yf  Yyw YYf ' 
+ I zz f  z f  zzw 
and H 
t h e  gyro wheel r e s u l t i n g  from the angular  v e l o c i t y  wsy i. e . ,  % = Ixxwws. 
i s  the  magnitude of t he  component of t h e  angular  momentum of 
W 
The f l o a t  torque equations can be obtained from (11-14) by 
performing the  opera t ions  indicated i n  (11-9) o r  ( I I - l O ) e  The r e s u l t i n g  
equat ion  i s  
. (11-15) 1 w yf %f ( I z f  - I y f )  yf yf xf zf ( Ixf  - I z f )  + W Z f  Hw cuzf I z f  + cuxf cuyf ( Iyf  - Ixf) - cuyf 5 4  
Equation (11-15) represents  Euler ' s  equat ions modified t o  inc lude  
the  momentum of the  gyro wheel r o t a t i n g  a t  an assumed cons tan t  ve loc i ty  
cu. S 
19 
C. Derivation of t h e  Gimbal Torque Equation 
The gimbal torque equation can be developed by means of a s i m i l a r  
procedure t o  t h a t  used t o  develop the  f l o a t  torque equation. 
The angular  momentum vector of t h e  gimbal (not  inc luding  the  
f loat-wheel  combination), wr i t t en  i n  t h e  gimbal coord ina te  system is 
(11- 16) 
and I a r e  themoments of i n e r t i a  of t h e  gimbal 
and w are the  
xg' IYg a where I 
about t h e  gimbal coord ina te  axes, and w 
components of t h e  angular  ve loc i ty  of  t he  gimbal w r i t t e n  i n  the  gimbal 
=g xg' 
coord ina te  system. 
The angular  momentum vector of t h e  f loat-wheel  combination w r i t t e n  
i n  i n  t h e  gimbal coord ina te  system can be obtained from the  E 
(fwlf - - 
(11-14) by using the  t ransformation i n  (11-1); i.e., H 
- 
COS e2 - s i n  e 
s i n  e2 cos e2 
0 0 
F;z ;E+ '1 . (11-17) 
I z f  zf - 
The angular  momentum vector of t h e  gimbal- f loat-wheel combination, 
w r i t t e n  i n  the  gimbal coordinate system, is  
20 
(11- 18) 
or 
I CD + H C O S ~ + I  CC, case 
x g x g  w 2 xf xf 2 
-Iyf wyf s i n  02 
. (11-19) 
The gimbal torque equat ion can be obtained from (11-19) by performing 
t h e  operat ions ind ica t ed  i n  (11-9) o r  (11-10). 
i s  
The r e s u l t i n g  equat ion 
21 
-w e2 Ixf s i n  e2 - w I s i n  e 
xf Yf Yf 2 
2 -cuyf I y f  cos e 
2 axg ayg (Iyg - 1%) + uXg % s i n  e 
cu I s i n  e2 t u  I cos e xg xf xf 
Yg w Yg xf xf 
xg wYf yf 2 
2 
-m H C O S  82 - co w I cos e 
+o_, I s i n e  t(; I 
Yg %f Yf 2 zg zg 
zf  I z f  
+ c u  
- 
. 01-20) 
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D. Derivation of t h e  Block Diagram 
of a n  I d e a l  S A P  
The f l o a t  of a n  i d e a l  SAP is  mounted t o  t h e  gimbal s o  t h a t  t h e  
torque t r a n s f e r r e d  from the gimbal t o  t h e  f l o a t  through t h e  mount 
cannot have a component a long the z-axis of t h e  f l o a t .  Therefore,  
w i l l  not  be se t  equa l  t o  zero i n  Lz f i n  a n  i d e a l  SAP L i s  zero. 
t h e  following work, because i t s  i n c l u s i o n  i n  the equat ions t o  be 
zf  
developed w i l l  permit  t h e m  t o  be used t o  r ep resen t  t h e  equat ions 
Lz f of  motion of a Pendulous In t eg ra t ing  Gyro Aeaelerometer (PIGII). 
can  a l s o  be considered as a poss ib l e  e r r o r  torque, From (11-15), 
(11-21) 
The gimbal of a n  i d e a l  SAP is  mounted t o  t h e  case s o  t h a t  t h e  
to rque  t r a n s f e r r e d  through t h e  mount i s  ze ro  along t h e  y-axis of t h e  
gimbal. 
gimbal and t h e  case i s  a torque on t h e  gimbal t h a t  i s  always along 
the y-axis of t h e  gimbal. Therefore, t h e  component of t h e  external 
torque app l i ed  t o  the gimbal-float-wheel combination of a n  i d e a l  SAP 
a long  t h e  y-axis  of t h e  gimbal is t h e  output  of t h e  torque motor. 
I n  t h e  fol lowing work i t  w i l l  be assumed t h a t  L 
nent  of  e r ror  torque, 
The output of t h e  t o r q u e  motor t h a t  i s  mounted between t h e  
can con ta in  a eompo- Yg 
r e s u l t i n g  from f r i c t i o n  or drag. 
LYge’ 
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From (11-20) , 
(11-22) 
It can be seen  from t h e  func t iona l  ske t ch  of Fig. 5, under t h e  
cond i t ion  e2 x 0, t h a t  
0 
Yf = "yg , (11- 23) 
and 
Using t h e  r e l a t i o n s  i n  (11-23), t oge the r  wi th  cos e2 = 1 and s i n  8 = 0, 
i n  (11-21) and (11-22), g ives  
2 
I 
1 
I 
I 
24 
and 
Since  the  angular  momentum o f  .the gyro wheel i s  l a r g e  (a l a rge ) ,  
S 
(11- 26) 
Using (11-26) i n  (11-24) and (11-25)y and rearranging terms, gives  
and 
I 
I 
1 
I 
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1 
Yg Yf 
- 
- ( u  H ) .  w  
Yg I + I  ‘LYg zf w 
Inspec t ion  of Fig,  5 y i e l d s  the following equations: 
e 
1 Yg YC ’ 
I 
I 
I 
I 
I 
ID 
m 
I 
I 
I 
I 
I 
1 
I 
I 
(11- 28) 
and 
A signal flow graph of t h e  f l o a t e d  gimballed gyroscope can  be constructed 
from (11-27)y (11-28)y (11-29) and (11-30), and i s  shown i n  Fig. 7. 
The a d d i t i o n  of t h e  feedback loop t o  t h e  s i g n a l  flow graph of Fig. 7 
g i v e s  t h e  s i g n a l  flow graph of an i d e a l  SAP i n  F ig  8. 
of  a n  i d e a l  SAP i s  shown i n  Fig. 9. 
A block diagram 
(11- 29) 
(11- 30) 
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Fig. 7--Signal flow graph of  an i d e a l  f l o a t e d  gimballed 
gyroscope. 
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Fig. 8--Signal flow graph of an  ideal SAP. 
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Fig. 9--Block diagram o f  an i d e a l  SAP. 
111. DERIVATION OF THE EQUATIONS OF MOTION OF 
AN IDEAL S A P  WHEN THE TORSIONAL STIFFNESS 
OF THE GAS BEARING BETWEEN THE GIMBAL 
AND FLOAT I S  CONSIDERED [ 1 , 6 , 7 ]  
The gas suspension bearing between t h e  gimbal and f l o a t  of an 
i d e a l  SAP was considered i n  Chapter I1 as a p e r f e c t  f r i c t i o n l e s s  
bear ing  wi th  p e r f e c t  coupl ing between the  gimbal and the  f l o a t .  
A b e t t e r  r ep resen ta t ion  of t h e  g a s  bear ing i s  obtained by 
assuming t h a t  t h e  motion of the gimbal about i t s  y-axis i s  coupled t o  
t h e  f l o a t  through a s h a f t  w i t h , f i n i t e  t o r s i o n a l  s t i f f n e s s ,  i n s t e a d  
of  through a r i g i d  s h a f t .  
where t h e  f i n i t e  t o r s i o n a l  s t i f f n e s s  of t he  gas bear ing  has  been 
Fig.  10 is  a func t iona l  sketch o f  t h e  SAP, 
incorpora ted  by sepa ra t ing  t h e  gimbal i n t o  two gimbals coupled toge ther  
by a s h a f t  having a t o r s i o n a l  s t i f f n e s s  ccnstant, I$,. The inne r  
gimbal has  been added f o r  mathematical convenience, and i t  w i l l  be 
considered massless s i n c e  it does not  e x i s t  i n  the  phys ica l  SAP. 
The t o r s i o n a l  s t i f f n e s s  constant ,  5, w i l l  be a func t ion  of t h e  gas 
p re s su re ;  hence, as the  gas pressure decreases , Kb decreases .  
The equat ions of motion of an i d e a l  SAP, when t h e  t o r s i o n a l  
s t i f f n e s s  of t h e  gas bear ing i s  considered f i n i t e ,  can be der ived 
i n  a manner similar t o  t h a t  used i n  Chapter 11. 
The a d d i t i o n  o f  f i n i t e  t o r s iona l  s t i f f n e s s  does n o t  change the  
d e r i v a t i o n  o f  the f l o a t  torque equation except t h a t  uYf x wYgi 
in s t ead  of w % U) Therefore,  the f l o a t  torque equat ion  i s  the  
same as (11-27) except  t h a t  w 
Y f  Yg' 
is replaced by coygi: Y& 
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F ig .  10--Functional sketch o f  an i d e a l  SAP w i t h  a f i n i t e  t o r s i o n a l  
s t i f f n e s s  g a s  bearing. 
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(111- 1) 
The gimbal torque equation for infinite torsional stiffness, 
(11-28), can be modified to give the inner gimbal torque equation 
for the SAP when finite torsional stiffness is considered. This 
modification can be accomplished by realizing that the torque transmitted 
through the torsional shaft to the inner gimbal is %(el - e,), and that 
the mass of the inner gimbal is zero. 
into (11-28) gives the inner gimbal torque equation, 
Incorporating these two facts 
(111- 2) 
The outer gimbal torque equation can be derived by performing 
the operations in (11-9) or (11-10) on the given in (11-16); i.e., 
- dzgg 
L = -  
dt 
where 5 is the 
g 
, 
externally applied torque to the outer gimbal, and s 
is the angular momentum vector of the gimbal. 
torque along the y-axis of the gimbal is the output torque of the motor, 
plus the error torque L 
gimbal torque equation is 
The externally applied 
minus the torque %(el - e3). The outer 
yge’ 
1 
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where Fg i s  t h e  sum of t h e  output torque of t h e  to rque r  and t h e  e r r o r  
torque, and I 
t h e  torquer  r o t o r ,  and t h e  s h a f t  about t h e  y-axis of t h e  gimbal. 
is  t h e  sum of the moments of i n e r t i a  of t h e  gimbal, 
Yg 
Since 
(I - Izg)l< (111-3) can be written lw* xg 
. .  1 
(111-4) 
It can  be seen from t h e  funct ional  ske t ch  of Fig. 10 (under the 
cond i t ions  t h a t  X 0, and t h a t  el - e3 i s  s m a l l ) ,  t h a t  2 
(111-5) 
w “ W  
y g i  ~f ’ 
and 
A s i g n a l  flow graph of an ideal  f l o a t e d  gimballed gyroscope with 
f i n i t e  t o r s i o n a l  s t i f f n e s s  of the gas bearing can be cons t ruc t ed  from 
(111- 1) , (111-2) (111-4) and (111-5) and i s  shown i n  Fig. 11. The 
i nco rpora t ion  of t h e  feedback loop i n  the  s i g n a l  flow graph of Fig. 11 
33 
L 
Y ge 
w 
Yg 
w 
‘ F i g .  11--Signal f law graph of an i d e a l  f l o a t e d  gimballed gyroscope 
w i t h  a f i n i t e  t o r s i o n a l  s t i f f n e s s  gas  bearing.  
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y i e l d s  the  s i g n a l  flow graph of t he  i d e a l  SAP with f i n i t e  t o r s i o n a l  
s t i f f n e s s  o f  t he  gas bear ing shown i n  Fig.  12. A block diagram 
of an  i d e a l  SAP with  f i n i t e  t o r s iona l  s t i f f n e s s  of t h e  gas bear ing 
i s  shown i n  Fig.  13. 
35 
1 
S 
- 
i 
I 
1 - w 1 2: 1 
F i g .  12--Signal flow graph o f  an i d e a l  SAP w i t h  a f i n i t e  torsional 
s t i f f n e s s  gas  b e a r i n g .  
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TO ENCODER Tc? 
w xc 
L 
zf 
Fig. 13--Block diagram of an i d e a l  SAP with a f i n i t e  torsional 
stiffness gas bearing. 
IV. STABILITY ANALYSIS [ 8 , 9 ]  
A. In t roduc t ion  
The s t a b i l i t y  of  t h e  f loa t ed  gimballed gyroscope working i n  
conjunct ion w i t h  the  feedback loop i s  of prime importance i n  the  
ope ra t ion  of i d e a l  SAP. 
t h a t  t h e  inpu t  angular  ve loc i ty  of t h e  case i s  ze ro  and t r e a t i n g  
t h e  f l o a t e d  gimballed gyroscope and t h e  feedback loop as a 
convent ional  feedback system. Under the  cond i t ion  of ze ro  angular  
v e l o c i t y  of t he  case, t h e  block diagram of the SAP i n  Fig.  9 
can  be s i m p l i f i e d  t o  give t h e  block diagram i n  Fig.  14. I n  Fig.  14 
t h e  e r r o r  torque about t h e y -  axis  of t he  gimbal, $ge, i s  considered 
as the  i n p u t ,  and t h e  e r r o r  angle,  e2, i s  considered as the output .  
Even though the  value of e2( t )  f o r  a given inpu t  e r r o r  torque 
i s  not  t h e  d e s i r e d  output-input r e l a t i o n  f o r  t h e  ope ra t ion  of a n  
i d e a l  SAP, i t s  i n v e s t i g a t i o n  w i l l  g ive  very u s e f u l  information about 
t h e  s t a b i l i t y  of  t h e  SAP. The t r a n s f e r  func t ion  of Fig. 14. i s  
This s t a b i l i t y  can be s tud ied  by assuming 
Lyge(t) 
(IV- 1) 
where KIG(s)  i s  the  t r a n s f e r  function of t h e  f l o a t e d  gimballed 
gyroscope, and K2H@ ) i s  the  t r a n s f e r  func t ion  of t h e  feedback pa th .  
K2H@) i s  given i n  (11-3) and is  repeated he re  f o r  convenience; 
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K _ ( S  + 100 + j200) (S + 100 - j200) (S + 50) 
z 
%H(S) = (S + 1)(S + 6000)(S + 1500 + j 1 3 O O ) ( S  + 1500 - jl000) 
(IV-2) 
B. Stabilityof an Ideal SAP 
With Infinite Torsional Stiffness of the Gas Bearing 
Analysis of the signal flow graph of the floated gimballed 
gyroscope in Fig. 7 yields the following transfer function, relating 
the Laplace Transform of the error angle 0 to the Laplace Transform 
of the applied torque L Yg' 
2 
H 
W 
(IV- 3) 
Equation (IV-3) is restricted in its use, since in the derivation 
of the signal flow graph in Fig .  7, 8 (t) was assumed to be very 2 
small so that cos M 1 and sin 8 M 0. An analysis of (IV-3) 
indicates that the operation of the floated gimballed gyroscope 
2 
under the limitations of very small8 
on the imaginary axis at S = 0, + j 
is oscillatory with poles 
2 
54 VIZf (Iyg + Iyf). - 
In order to comprehend more fully the requirements for stability 
of an ideal SAP, a typical set of numerical values will be used. 
These numerical values, which were obtained from information 
1 
I 
I: 
1 
40 
furnished by Marshall  Space F l i g h t  Center i n  H u n t s v i l l e ,  Alabama, 
are 
6 2 HtJ = 2.51 x 10 gm cm / s e c  , 
(IV- 4 )  
3 2 I,f = 2.0 x 10 gm cm , 
and 
4 2 + I  ~ 2 . 0 ~ 1 0  gmcm . 
IYg Y f  
S u b s t i t u t i n g  the  values  of ( I V - 4 )  i n t o  (IV-3) gives  the t r a n s f e r  
f u n c t i o n  of t h e  f l o a t e d  gimballed gyroscope: 
6.28 x 
S(S2 + (400)2)  
KIG(S) = (IV- 5) 
The r o o t  locus p l o t  of t he  c h a r a c t e r i s t i c  equat ion of ( I V - l ) ,  wi th  
KIG(S) from ( I V - 5 )  and K2H(S) from (IV-2), f o r  v a r i a t i o n s  of t he  
g a i n  K = K1K2, i s  shown i n  F ig .  15. 
15 t h e  l o c i  c ros s  t h e  ju axis a t  - + j 1355 f o r  K = 40 x 10 
Therefore ,  t h e  i d e a l  SAP i s  s table  f o r  a l l  K < 40 x An operat ing 
g a i n  of 10.0 x lo1* w i l l  furnish good s t a b i l i t y  with the  closed-loop 
p o l e s  located i n  the  S-plane a t  
12 
I n  F ig .  . 
41 
I 
t 
I 
I 
1 
I 
1 
1 
I 
I 
I 
I 
1 
I 
I 
I 
I 
1 
I 
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P = -66 + j43 , 
1 
P2 = -66 - j43 , 
P3 = -813 2 
P4 = -165 + j660 , 
= -165 - j 660 , p5 
Pi = -1805 , 
and 
P7 = -5923 . 
( I V -  6) 
The t r a n s f e r  funct ion of the closed loop can be w r i t t e n  as 
6.28 x (S-tl) (S+6000) (S+lSOO+j 1000) (S+l500- j 1000) - @2(S) 
( IV-7 )  
where the P. ' s  are given i n  ( I V - 6 ) .  
1 
A Bode p l o t  of t h e  open-loop t r a n s f e r  func t ion  KG(S)H(S) f o r  
12 
K = 10 x 10 i s  shown i n  Fig.  16. The r e l a t i v e  s t a b i l i t y  of 
t h e  closed-loop SAP, as indicated by the  r o o t  locus p l o t ,  i s  confirmed 
by a g a i n  margin of 10.0 decibels  and a phase margin of 25 degrees 
i n  Fig.  16.  
C. S t a b i l i t y o f  an I d e a l  SAP with 
F i n i t e  Tor s iona l  S t i f f n e s s  of the Gas Bearing 
Analysis of t h e  s i g n a l  flow graph of the f l o a t e d  gimballed 
gyroscope i n  Fig. 11 y i e l d s  t h e  following t r a n s f e r  func t ion  r e l a t i n g  
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
1 
I 
I 
I 
1 
I 
I 
I 
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1 
I 
1 
I 
I 
I 
I 
I 
I 
I 
I 
1 
1 
1 
I 
I 
1 
I 
. 
44 
t he  Laplace Transform of t h e  e r r o r  ang le  e2, t o  t h e  Laplace 
Transform of t h e  app l i ed  torque : 4 9  
- Hw 
1 -
02(S) 
K ~ G ( S )  = - - 
FdS) { I Y f  I Z f  =yg s4+ 
k2 Kb 
(IV-  8) 
Note t h a t  i f  % i s  allowed t o  approach i n f i n i t y  i n  ( I V - 8 ) ,  t h e  
t r a n s f e r  func t ion  becomes the  t r a n s f e r  func t ion  f o r  a n  i d e a l  
SAP with i n f i n i t e  t o r s i o n a l  s t i f f n e s s  i n  (IV-3). An a n a l y s i s  of  
( IV-8 )  i n d i c a t e s  t h a t  t h e  inc lus ion  of f i n i t e  t o r s i o n a l  s t i f f n e s s  
has introduced another  p a i r  of conjugate  imaginary poles .  The 
f l o a t e d  gimballed gyroscope with f i n i t e  t o r s i o n a l  s t i f f n e s s  of 
t he  gas bear ing has f i v e  poles loca t ed  on the jw-axis. 
I n  order  t o  comprehend m o r e  f u l l y  the  requirements f o r  
s t a b i l i t y  of a n  i d e a l  SAP w i t h  f i n i t e  t o r s i o n a l  s t i f f n e s s  of t h e  
gas bear ing,  a p a r t i c u l a r  set  of numerical va lues  w i l l  be used. 
The numerical va lues ,  which were obtained from information fu rn i shed  
by the Marshall Space Center i n  H u n t s v i l l e ,  Alabama, are 
6 HtJ = 2.51 x 10 gm cm2/  sec,  
2 
2 
Izf = 1195 gm cm , 
I = 1565 gm cm , 
2 I = 18380 gm cm , 
Yf 
Yg 
and 
Kb = 7.0 x 10 9 dyne cm/radian. 
(IV- 9) 
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S u b s t i t u t i n g  (IV-9) i n t o  (IV-8) gives  the  t r a n s f e r  func t ion  of t h e  
f l o a t e d  gimballed gyroscope: 
5.1 105 
K ~ G ( S )  = 
S[S2 + (400>*]  [S2 + (2840)’l 
( I V -  10) 
The r o d t  locus p l o t  of t h e  c h a r a c t e r i s t i c  equa t ion  of ( I V - 1 )  , 
wi th  KIG(S) from (IV-10) and K*H(S) from (rV-2), for v a r i a t i o n s  
of  t he  g a i n  K = K1K2, i s  shown i n  Fig. 17. A g a i n  of  10 x 10 12 
w i l l  f u r n i s h  good s t a b i l i t y  with t h e  closed-loop po le s  located i n  
the S-plane a t  
P1 = -66 + j 4 3  , 
P2 = -66 - j 4 3  , 
Pg = -813 , 
P4 = -165 + j660 , 
P5 = -165 - j660, 
P6 = -1805 
P7 = -5923 , 
P8 = -120 + j2800, 
and 
Pg = -120 - j2800 . 
The t r a n s f e r  func t ion  of the closed loop can be w r i t t e n  as 
( IV-  1 1 ) 
46 
47 
where the P. 's are given i n  ( I V -  11). 
1 
V. ANALYSIS OF AN IDEAL SAP [ 8 , 9  1 
A .  In t roduc t ion  
The equations of motion of an i d e a l  SAP c o n t a i n  the  s i n e  and 
c o s i n e - o f  the dependent var iable  01.  
t r igonometr ic  terms makes t h e  equations of motion non-l inear ,  i f  
t he  inpu t  con ta ins  uXc o r  wzc. 
d i g i t a l  o r  analog s imula t ion  when the inpu t s  wxC and wzc are 
p r e s e n t .  However, o the r  inputs  t o  the  system can be analyzed, 
when wxc and wzc a r e  ze ro ,  since the  equat ions governing the motion 
of  the SAP f o r  these inpu t s  a r e  l i n e a r  d i f f e r e n t i a l  equat ions.  
Sec t ion  B of t h i s  chap te r  w i l l  be concerned with the  t r a n s f e r  
func t ions  of an i d e a l  SAP t h a t  r e l a t e  t he  output  8 
The presence of t hese  
This  n e c e s s i t a t e s  t he  use of e i t h e r  
t o  the inpu t s  1 
and L z f ,  when qc and cozc a r e  zero.  I n  s e c t i o n  C of 'Dye, Lyge’ 
t h i s  c h a p t e r ,  wzg W i l l  be t reated a s  an input  and the t r a n s f e r  
func t ions  r e l a t i n g  e l  and e 2  t o w  
i n p u t s  being zero.  Ac tua l ly ,  w 
=g 
u) cos e l ,  which can be assumed t o  be independent of 81 i f  the 
v a r i a t i o n s  i n  81 a r e  s m a l l .  Under the cond i t ions  of s m a l l  v a r i a t i o n  
o f  and a l l  i npu t s  zero except w t he  t r a n s f e r  funct ions r e l a t i n g  
e l  and €32 t o  o 
0 f o r  a s t e p  inpu t  of w 
t h e  a b i l i t y  of t he  i d e a l  SAP t o  r e a c t  t o  inpu t  angular  ra tes  of 
t he  case t h a t  a r e  perpendicular  t o  the reference a x i s .  
w i l l  be der ived wi th  a l l  o the r  zg 
i s  the sum of oxc s i n  01 and 
zc 
zg ’ 
have phys ica l  meaning. The eva lua t ion  of el  and 
zg 
w i l l  provide u s e f u l  information concerning 
2 zg 
Only the  
48 
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equat ions of a n  i d e a l  SAP wi th  i n f i n i t e  t o r s i o n a l  s t i f f n e s s  of 
t h e  gas bear ing w i l l  be considered i n  t h i s  chapter .  
B. Transfer Functions of an I d e a l  
SAP with I n f i n i t e  Torsional  S t i f f n e s s  
o f  the Gas Bearing 
Analysis of the s i g n a l  flow graph i n  Fig.  8 o r  t he  block 
diagram i n  Fig.  9 w i l l  y i e l d  the following t r a n s f e r  funct ions:  
and 
where the p i ' s  a r e  the  r o o t s  of l+KG(S) H ( s )  = 0,  and N(H) and D(H) 
are the  numerator and denominator polynomials of H ( s ) ,  r e spec t ive ly .  
Each t r a n s f e r  func t ion  was derived by assuming a l l  i npu t s  ze ro ,  except 
t h e  inpu t  of i n t e r e s t .  
wzc ze ro ,  a r e  l i n e a r  d i f f e r e n t i a l  equa t ions ,  supe rpos i t i on  w i l l  hold,  
and ( V - l ) ,  (V-2) and V-3) can be combined t o  give 
Since the equat ions of motion, with qC and 
50 
For the  numerical va lues  used i n  chap te r  I V  and the  H(S) i n  (11-3) 
w i t h  K = 10 x 10l2,  t h e  t r a n s f e r  func t ion  i n  ( V - l ) ,  (V-2) and (V 3) 
become: 
8 (S) 
- -  Y 
5 x 10- (S+l) (S+6000) (S+150O+ j 1000) (S+1500- j 1000) - 
7 
i=l 
n (S-P.) 
1 
LZf (SI 
-7 
39.9 x lo5 (s+50) ( s + ~ o o + ~ ~ o o )  (S+IOO- j200) - 9 (v-7) 
7 
where 
= -66 + j 43 ,  
p3 = -165 + j660, 
p4 = -165 - j660, Fi = -1805 , 
j 43  
P1 p2 = -66 - 
= -813 , 
and 
P7 = -5923, 
07-81 
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C .  Reaction of t h e  I d e a l  SAP t o  Angular R a t e s  
Perpendicular t o  t h e  Reference Axis 
The i d e a l  SAP must be capable of r e a c t i n g  t o  i n p u t s  wXc and 
uZc without apprec i ab le  change i n  the relative alignment of t he  
f l o a t ,  gimbal, and case, with respect  t o  each o t h e r .  
o f  t h e  i d e a l  SAP t o  maintain t h i s  alignment can be i n v e s t i g a t e d  
The a b i l i t y  
zg -'axc s in  8 + wzc cos el as a n  i n p u t  t h a t  i s  a by t r e a t i n g  CD  
known func t ion  of t i m e  while a l l  o the r  i npu t s  are held a t  zero.  
1 
I f  t h e  v a r i a t i o n s  i n  the  angles  8 
s m a l l  f o r  a s t e p  i n p u t  of cu 
t h e  case f o r  i n p u t s  cu 
r e fe rence .  
and e2 can  be shown t o  be very 1 
the r e fe rence  axis w i l l  move wi th  zg ' 
and a=., thus maintaining t h e  d e s i r e d  xc 
An a n a l y s i s  of t h e  s i g n a l  flow graph i n  F ig .  8 o r  t h e  block 
diagram i n  Fig.  9 w i l l  y i e l d  the fol lowing t r a n s f e r  funct ions:  
and 2 
H 
W 
(v- 10) 
where the  p i ' s  are t h e  r o o t s  of t h e  c h a r a c t e r i s t i c  equat ion 
1 + KG(S) H (S) = 0 ,  and DCH) i s  t h e  denominator polynomial of H ( S ) .  
b 
I 
I 
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S u b s t i t u t i n g  the  numerical values  f r o m ( 1 ~ - 4 )  and t h e  H(S) 
from (IV-2)with K=10 x 10l2 i n t o  (V-9) and (V-10) y i e l d s  
6 , ( S )  79.8 x 10 8 (S+50) ~S+1OO+j200)(S+100- j200) (v- 11) - -  - 
Cuzg(S)  7 
T-f @-Pi) 
i= 1
and 
"I 
{S2 + (400)2) {(Sfl) (S+6000) (S+l500+j 1000) (S+l500- jl000)) , 
- 
&Pi)  
i= 1 
where the  p i ' s  are given i n  (V-8). 
For a s t e p  inpu t  (u = 0.1 rad ians  p e r  second, 9,(t) and 02(t)  
zg 
w i l l  reach a s t e a d y - s t a t e  value i n  apprcjximately5/66 seconds. 
The s t e a d y - s t a t e  va lues  w i l l  be 
= 16 arc seconds %s 
and 
= 2.6 arc seconds. O2SS 
There fo re ,  t h e  i d e a l  SAP i s  capable of maintaining the des i r ed  
r e f e r e n c e  alignment t o  a high degree of accuracy. 
1 3 
I 
I 
1 V I .  CONCLUSION 
According t o  (V-l)y the angle between t h e  case and the  gimbal 
of  a n  i d e a l  SAP, el, f o r  an input angular  v e l o c i t y  of the case 
about the r e fe rence  axis of the SAPylo i s  
YC ’ 
(VI-  1) 
where the  r e fe rence  d i r e c t i o n  f o r  is shown i n  F ig  5.  Since the  
ang le  0 i s  the  output  of an idea l  SAP, a n  i d e a l  SAP meaiures t h e  
i n t e g r a l  of t he  angular  ve loc i ty  of i t s  case about i t s  r e fe rence  
1 
axis. The a c t u a l  value of el may d i f f e r  from the i n t e g r a l  of 
yc due t o  i n p u t  angular  v e l o c i t i e s  perpendicular  t o  t h e  r e fe rence  
axis of t he  SAP o r  due t o  e r r o r  t o rques  developed insQde the  SAP. 
An i n d i c a t i o n  as t o  t h e  amount t h a t  el  may vary from the i n t e g r a l  
of  w can be obtained by assuming s t e p  d i s tu rbances  f o r  t he  i n p u t s  
yC, 
(V-6), (V-9) ,  and ( V - 1 1 )  w i th  s t e p  i n p u t s  of LU yc = wyc u ( t > ,  
L = 47 u ( t ) ,  L,, = L u ( t ) ,  and wzg = W u ( t )  r e s p e c t i v e l y ,  
w i l l  combine t o  g ive  
YC 
wzg and Lzf shown i n  Fig.  9 .  The s o l u t i o n s  t o  ( V - 5 ) ,  
Y €F 2 =g 
e+) = -w + 3 8 . 3  x 1 0 - 1 5 ~  - 40.2 i o - 8 t L 2  - 49.4 x 1 0 - l ~ ~ ~  Y 
7 
Y C  
+ 80.4 x 10m5W { KiePit , 
zg 
i=l 
(VI-2) 
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where the p i ' s  are given i n  (V-8) .  
the des i r ed  output  and the  remaining terms are e r r o r  terms. After 
5/66 seconds t h e  1 KiePit terms are approximately zero.  
The f i r s t  term i n  (VI -2 )  is  
k 
i= 1 
The 
second, f o r t h ,  and f i f t h  terms a r e  due t o  L L,f and mgc Yge 
r e s p e c t i v e l y  and are small. 
apprec i ab le  un le s s  t h e  magnitude of t h e  s t e p  e r r o r  torque i s  
very s m a l l ,  thus  makhg  i t  necessary t o  des ign  t h e  f l o a t e d  gimballed 
gyroscope such t h a t  L, i s  small. 
The t h i r d  term i n  (VI -2 )  could be 
Evaluation of (V-5) and (V-7) shows t h a t  the output  0,(t) f o r  
i n p u t s  9. and L, can be w r i t t e n  as 
0,(t) = - bc d t  - 4 0 . 2  x loe8 L, d t  + E ( t )  r (VI-3)  
I f  the c e n t e r  of mass of t h e  wheel of t h e  f l o a t e d  gimballed gyroscope 
is s h i f t e d  a small amount alorig i t a  spin axis ,  a torque Lz w i l l  
be introduced about t h e  z-axis  of t he  f l o a t  p ropor t iona l  t o  any 
a c c e l e r a t i o n  of t h e  case along the  r e fe rence  a x i s .  
( V I -  3) would then become 
Equation 
I m  YC 
d t  - k /iic d t  + E ( t ) ,  = - (VI- 4) 
where xc i s  the  a c c e l e r a t i o n  of t h e  case along t h e  r e fe rence  axis 
of  t he  SAP and k i s  a cons t an t .  I f  E ( t )  i s  small compared t o  the  
o t h e r  terms i n  ( V I - 4 ) ,  t he  output i s  the  nega t ive  of t h e  sum of  
a term propor t iona l  t o  t h e  i n t e g r a l  of t h e  a c c e l e r a t i o n  of t h e  
55 
case along i t s  r e fe rence  axis and t h e  i n t e g r a l  of (u 
under these  cond i t ions  t h e  f loa t ed  gimballed gyroscope and 
feedback loop i s  a Pendulous In t eg ra t ing  3 r o  Acceleromater (PIGA). 
. Operating 
YC 
- - - 
The cons ide ra t ion  of f i n i t e  t o r s i o n a l  s t i f f n e s s  of the gas 
bea r ing ,  i n s t e a d  of  i n f i n i t e  t o r s i o n a l  s t i f f n e s s ,  introduces two 
more complex po le s  i n  a l l  of the t r a n s f e r  func t ions  i n  Chapter 
V as w e l l  as changing the  numerator of each. 
F igs .  12  o r  13 would r e a d i l y  y i e ld  these  t r a n s f e r  func t ion  f o r  
t h e  i d e a l  SAP when f i n i t e  t o r s ion  s t i f f n e s s  of the gas bear ing i s  
considered.  
An a n a l y s i s  of  
The block diagram i n  Fig.  9 and 13 f o r  t he  i d e a l  SAP with f i n i t e  
and i n f i n i t e  t o r s i o n a l  s t i f f n e s s  of t h e  gas  bea r ing ,  r e s p e c t i v e l y ,  
can  be used t o  s imulate  on e i t h e r  d i g i t a l  o r  a n a l o g  equipment 
t h e  a c t u a l  motion of the i d e a l  SAP. 
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